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1 Introduction 
 Let H be a Hilbert space and B(H) be the Banach algebra of all bounded linear operators on 
H.
In [1], two operator classes of D-near subnormal operators and near subnormal operators 
were introduced. Some properties of such operators were obtained by using the M-P 
generalized inverse. In addition, a new necessary and sufficient condition for an operator to be 
subnormal was provided. 
For convenience of readers, some relevant concepts and results of [1] are cited as follows. 
Definition 1 Let )(, HBDA  and .0D If there exists a constant m >0 such that 
,*DAmAD  then A is called a D-near subnormal operator. 
Definition 2 Let A be a hyponormal operator on a Hilbert space H and  
___________________________________________________ 
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2).0(** = AA QAAAAQ If A is a AQ near subnormal operator, then A is called a near 
subnormal operator. 
Theorem ]1[ Suppose A is a hyponormal operator, then A is near subnormal  if and only if (1) 
)( AQN LatA and (2) ).(2
1
2
1
HBAQQ AA 
+
In the theorem above, LatAQN A ),( and 2
1
+
AQ denote the null space of ,AQ the invariant 
subspace lattice of A and the M-P generalized inverse of 2
1
AQ respectively(cf.[2]). 
From [1], we know that the class of subnormal operators is a proper subset of near 
subnormal operators. And the class of near subnormal operators is a proper subset of 
hyponormal operators. In [3], Peng presented a necessary and sufficient condition for unilateral 
weighted shifts to be subnormal. In [4], we obtained necessary and sufficient conditions for 
unilateral weighted shifts to be near subnormal. Moreover, many answers to the Hilbert space 
problem 160 (cf.[5]) were provided . 
The main purpose of this paper aims at discovering which bilateral weighted shifts are 
near subnormal. Necessary and sufficient conditions are obtained in terms of the weight 
sequence of a bilateral weighted shift. In the 160th problem of [5], it is required to construct an 
operator which is hyponormal but not subnormal. Halmos regarded this problem as non-trivial. 
As an application of the main results of the paper, we’ll present many new answers to the 160th 
problem of [5] at the end of this paper.  
 
2 Main Results and Proof 
Throughout the following sections, let H be a separable complex Hilbert space with an 
orthonormal basis ,}{ +=nne and TB(H). T is called a bilateral weighted shift if there exists a 
bounded sequence of complex numbers { +=nn} such that Te 1+= nnn e for all n =0, .,2,1 ±±
In this case, { +=nn} is called the weight sequence of T. It is easy to see that T is hyponormal if 
and only if 1+
 nn  for all n =0, .,2,1 ±± And it is evident that 11 
 = nnn eeT  for all n 
=0, .,2,1 ±±
2 of 7
Saturday , November  15, 2003
http://www.mathpreprints.com
3For a hyponormal bilateral weighted shift T, we may assume all weight sequence of T to 
have no zeros in the following discussion. 
Now, the main results of this paper are as follows. 
Theorem 1 Let T be a hyponormal bilateral weighted shift with Te 1+= nnn e for all n 
=0, .,2,1 ±± If 10 +<< nn  for all n =0, ,,2,1 ±± then T is near subnormal if and 
only if the sequence + =

+


n
nn
nn
n })({ 2
1
2
1
2
22
1


 is bounded. 
Proof  Since Te 1+= nnn e for all n =0, ,,2,1 ±± it is easy to see that   
}.,,,,{ 20
2
1
2
1
2
0
2
2
2
1
**   == diagTTTTQT (1)  
Therefore,  
},,)(,)(,)(,{ 2
1
2
0
2
1
2
1
2
1
2
0
2
1
2
2
2
1
2
1
  = diagQT (2) 
and the M-P generalized inverse of 2
1
TQ is 
}.,
)(
1,
)(
1,
)(
1,{
2
1
2
0
2
1
2
1
2
1
2
0
2
1
2
2
2
1
2
1

 
=

+
diagQT (3) 
By (2) and (3) , through some calculations, it follows that 2
1
2
1
+
TT TQQ is also a bilateral 
weighted shift with weight sequence .})({ 2
1
2
1
2
22
1 +
=

+


n
nn
nn
n 

 From (1) , it is evident 
that }.0{)( =TQN By using the theorem of Section 1, we know that Theorem 1 holds.  
Consider a hyponormal bilateral weighted shift T with Te 1+= nnn e for all n 
=0, .,2,1 ±± If 10 +=< nn  for all n =0, ,,2,1 ±± then T is a normal operator.          
For this reason, in the following discussion, we may exclude the above simple case and the 
case 10 +<< nn  for all n =0, .,2,1 ±±
Theorem 2 Let T be a hyponormal bilateral weighted shift with Te 1+= nnn e for all n 
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4=0, .,2,1 ±± If  there exists an integer 0j such that 1+< nn  for all ,10 
 jn
then T is near subnormal if and only if there is an integer k such that 
(ዊ�) 1+< nn  for all ,1
 kn kn  = for all ,1+ kn
and (ዊ�) the sequence 12
1
2
1
2
22
1 })({ ==

+

 kn
n
nn
nn
n 

 is bounded.  
Proof The proof of necessity. Suppose there exists an integer 0j such that 1+< nn 
for all .10 
 jn Now, we can choose k to be the smallest integer such that 
.1+= kk  Then 1+< nn  for all ,1
 kn and .1+= kk 
In this case, it is easy to see that ).(1 Tk QNe + Since T is near subnormal, so 
LatTQN T )( and )(2
1
2
1
HBTQQ TT 
+
by the theorem of Section1. It follows that 
).(211 Tkkk QNeTe = +++  Hence )(2 Tk QNe + for .01 +k Similarly, we have 
).(}{ 1 Tknn QNe 
+
+= This fact implies that kn  = for all .1+ kn Under present 
circumstances, the weight sequence of 2
1
2
1
+
TT TQQ is 
}.,0,0,)(,)(,{ 2
1
2
2
2
1
2
1
2
1
2
1
2
3
2
2
2
2
2
1
2 





 



kk
kk
k
kk
kk
k 




 (4)  
From the theorem of Section1, it follows that the sequence 12
1
2
1
2
22
1 })({ ==

+

 kn
n
nn
nn
n 


is bounded. Therefore, the necessity of Theorem 2 has been proved. 
The proof of sufficiency. Suppose there is an integer k such that 1+< nn  for all 
,1
 kn kn  = for all ,1+ kn and the sequence 
12
1
2
1
2
22
1 })({ ==

+

 kn
n
nn
nn
n 


is bounded. Then }.,0,0,,,{ 21
22
2
2
1   = kkkkT diagQ 
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5Hence }.,,{)( 21 ++= kkT eespanQN It is obvious that .)( LatTQN T  Meanwhile, 
from (4) we know that  ).(2
1
2
1
HBTQQ TT 
+
By the theorem of Section 1,T is a near 
subnormal operator. 
We have completed the proof of Theorem 2. 
Theorem 3 Let T be a hyponormal bilateral weighted shift with Te 1+= nnn e for all n 
=0, .,2,1 ±± If  there exists an integer 0j such that 0jn  = for all ,10 
 jn then 
T is near subnormal if and only if T is normal. 
Proof The sufficiency is obvious. We turn to prove the necessity.  If  there exists an 
integer 0j such that 0jn  = for all ,10 
 jn then  
}.,,,0,,0,0,{
2
1
2
2
22
1
**
0000
 +++ == jjjjT diagTTTTQ 
Therefore )(
0 Tj
QNe  . Since T is near subnormal, so LatTQN T )( . It follows that 
).(1000 Tjjj QNeTe = + Hence )(10 Tj QNe + for .00 j Similarly, we have 
).(}{
0 Tjnn
QNe += This implies that 0jn  = for all .0jn  Thus T is normal. 
Theorem 3 has been proved. 
Theorem 4 Let T be a hyponormal bilateral weighted shift with Te 1+= nnn e for all n 
=0, .,2,1 ±± If  there exists an integer 0j such that ,211 0000 ++ <=< jjjj  then 
T is not near subnormal. 
Proof Suppose there exists an integer 0j such that .211 0000 ++ <=< jjjj 
Then  }.,,0,,{
2
1
2
2
2
1
2**
0000
 ++ == jjjjT diagTTTTQ  Thus 
).(10 Tj QNe +
Since ,0)()()( 2
2
1
2
21211 0000000
== +++++++ jjjjjjTjT eeQTeQ  so 
.)( LatTQN T  By the theorem of Section 1, T is not near subnormal. 
We have completed the proof of Theorem 4. 
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63 An Application  
Now, by Theorems 1 and 2, we can construct many bilateral weighted shifts which are near 
subnormal but not subnormal. Specially, by Theorems 3 and 4, it is easy to provide a great 
many bilateral weighted shifts which are hyponormal but not near subnormal. All of these 
operators are further answers to the Hilbert space problem 160. 
 Let T be a hyponormal bilateral weighted shift with Te 1+= nnn e for all n 
=0, .,2,1 ±± Three examples are as follows at the end of this paper. 
Example 1 Let 
nn
1
= for all ,1
n and 2=n for all .0n Then it is easy 
to show that the sequence 02
1
2
1
2
22
1 })({ ==

+

 n
n
nn
nn
n 

 converges to 0 when .n
Hence the sequence 02
1
2
1
2
22
1 })({ ==

+

 n
n
nn
nn
n 

 is bounded. It follows from Theorem 2 that T
is near subnormal.  
Example 2 Choose 
1
1

=
nn
 for all ,1
n
3
2
0 = and nn
12 = for all 
.1n Then it is not difficult to prove that the sequence +==

+

 n
n
nn
nn
n 2
2
1
2
1
2
22
1 })({



converges to 2 when .+n From Example 1 , the sequence + =

+


n
nn
nn
n })({ 2
1
2
1
2
22
1



is bounded. By Theorem 1, T is near subnormal.  
Moreover, we can show that the operators in Examples 1 and 2 are not subnormal by using 
the criteria in [1] or [6] for subnormal operators .We omit the details. 
Example 3 Choose two positive numbers µ, such that .µ < Suppose  =n
for all ,0
n and µ =n for all .1n Then by Theorem 3, T is hyponormal but not 
near subnormal . 
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